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Figure 1. Why entropy is a logarithm

Microstate numbers multiply, but thermodynamic entropy must add.

System A ) System B Combined system A + B
combine

W_A microstates > W_B microstates > W_AB=W_AW_B

S_A=CInW_A S_B=CInW_B S_AB=S_A+S_B

S(W_AW_B) =S(W_A) + S(W_B)
In(W_ AW B)=InW_A+InW_B

Therefore, S = CIn W, and C = k_B for thermodynamic units.
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Figure 2. Boltzmann entropy as a special case of Gibbs entropy

Gibbs entropy describes a probability distribution; Boltzmann entropy follows when all accessible states are equally probable.

General probability distribution Microcanonical limit

equal probabilities
S_ G=-k BX ip_ilnp_i > S_G=-k_BZE(/W) In(1/W)
Applicable when microstates have unequal probabilities. p_i=1/W S G=k BInW=S_B

Boltzmann entropy counts the size of a macrostate.

Gibbs entropy measures the spread of a probability distribution over microstates.

Figure 2: Gibbs S1E 21| Sg = —kBZ pilnpis TAAEIS ©lo] 9] olutdol SEETE 7|4
Gtk BE 42 A5 AL S9E g — LW 1, o] AL Sg — kW dslee, vz
Boltzmann ?ﬂ_":;iu}ﬂ- =t} = Boltzmann Q1E 2 1= Gibbs E 2 1] 9] E4=5F FQ-o|t}.

33 T A=zH 9l AQH Aol

Boltzmann Q1 E 2 1]= shte] AAJATE 7 Lot} 2he o] A|AME| @F
Gibbs 9 E 2 1] n|AJA ] ¢]o] st5R Ry} duht mA 9= A
o] Tl 7HEAL, 2 “GERRY] ESAA O] Wlof 7Pt EE ] ASolle T ol &2
Ao ghdt.



4 Boltzmann QIZ}2e] JdEZ1]Z 7|

4.1 $E7t AZsh= A%
o4 $-8]7F A7sHe AFL thawt k.

AAA = 22 A+ I (18)
AA A= P = o] oA AA |27 24 = o] Sl
Etot = Esmall + Ebath' (19)

utebA 2h2 A7E AU 2E ol 7HAH, S92 J9E oAUAE 2 7HAoF et

Ebath = Etot - Esmall‘ (20)
o] T3t o 2] BE o] AERE o FUzoltt 2r2 Aot AU AR 5 %]75.9__% ol q x| & mt
= 7Hd 4 Q= Aol oyt 242 AZF E4 ol|AE AA|sH, Aol = v A= AF o2
Q.

42 FHL AL %L UAE 74
WA A& A7} e AUR) A Bel ek s,

Egman = E1. (21)
O dYe
Epath = Etot — £ (22)
THEO] |2 E 7RI 2F2 A7E 22 | 2et 7EAZE7] wizell, ol vl @2 o 2] 7t
e,
qge uje e YAz olFola 2 Aojch. mzhd Aelo] oI A wol AT e, 1
NIAE 7] Y79 2 Aol Uire] = WHE Bth S 99 7Hae uASH 7t
At}

Whath (Etot — E1) (23)

43 Ze A7 HE RS M

ofofli= 22 A7t o w2 oA e Exoll QAthal 1At
Ey, > Fi. (24)
T dee
Evatn = Etot — E2 (25)



e AU A E 7HI T 22 A7F ol | A& H Bol 74 ZE7] ti2ell, @ ol Ee v A= =t
Etot - E2 < Etot - El- (26)

o F2 2|7t FolEH, Yol Z7] YRA 1 oA E BofT 5= = HHE FojErh
wheba] Hig

Whath (Etot — E2) < Whath (Etor — E1) (27)
olt}. o]Ao] HEZ “Zt2 A7} =2 AHAIE 7HE o] EYo] Y= nAAE ks we] ou|ojrt.

Figure 3. Why high-energy states of the small system are less probable

The total energy is fixed. If the small system takes more energy, the heat bath has less energy and fewer compatible microstates.

Case 1: Low-energy state of the small system Case 2: High-energy state of the small system
heat bath heat bath
small system small system
» more energy left » less energy left
takes little energy takes more energy
many arrangements fewer arrangements
)
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Large number of compatible bath microstates Smaller number of compatible bath microstates
>

Higher small-system energy — fewer bath microstates — lower probability
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